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Abstract

A numericalalgorithmfor tightly coupled high-deformatiorfluid-structureinter-
actionproblemsis presentedT hefoundationof the methodis theintegrationof a
Lagrangiarparticletechniqugthe Material PointMethod,or MPM) with a multi-
materialEuleriancode.In this approachgachmaterialis describedand evolves
in its preferredreferencdrame (e.g.,Lagrangiarfor solids, Eulerianfor fluids).
TheMPM usesabackgroundneshto updateparticlestatesBy usingthe Eulerian
multi-materialmeshas the backgroundmeshto updateparticle statesthe solid
materialshave adualrepresentatiom the LagrangiarandEulerianframe.lt is in
thiscommonreferencdramethatcouplinginteractionsamongmaterialsarecom-
putedthroughmomentunandenegy exchangeermsin themulti-field equations.
Theapproacthis outlinedandresultsfrom anumericalorderof-accurag studyare
presentedSimulationresultsare comparedwith known solutionsfor the stress
distribution in a pressurizeatylinder. It is shavn thatthe combinedapproacthas
the sameorderof accurag asthe stand-alonematerial point methodand gives
excellentagreemenvith exactsolutionsfor this geometry



1 Intr oduction

Thework presentedheredescribes new approackor “full physics”simulations
of fluid-structureinteractionsnvolving large deformationsandphasechange By
“full physics”we referto problemsinvolving strongcouplingbetweenthe fluid
andsolid phaseswvith afull Navier-Stokesrepresentationf fluid phasematerials
andthetransientnonlinearespons®f solid phasematerialswhich mayinclude
chemicalor phasdransformatiorbetweerthe solid andfluid phases.

Althoughageneraklassificatiorof numericalpproachefor “full physics”FSI
problemshasnotbeenconsistentlyeportedmostinvolveanarbitraryLagrangian-
Eulerian(ALE) representatioof thefluid, aLagrangiamepresentationf thesolid
and either a simultaneousr partitionedsolution approach Explicit representa-
tion of the boundaryconditionsbetweerthe differentmaterialsis requiredin the
numericalsolutionin theseapproacheasinteractionis generallyonly allowed at
theboundariesExamplesof suchapproachearewidespread(see[l, 2, 3, 4, 5]).

A secondclassof approactcanbe identifiedwheresurfacetrackingis usedto
distinguishthe interfacebetweenthe two materials.In suchtechniquesmostof
thecomputationatells containeitheronematerialor the other with a minority of
cellsthatcontaintheinterfacebetweermaterials.This is a widely usedapproach
for mixedmaterialproblemsThe multi-materialsimulationsof the microstructure
of heterogeneousaterialsdescribedy Benson[6 7] fall into this class.

Anothermethodologybuilt uponhere,is afull “multi-field” approactin which
eachmaterialis givena continuumdescriptioranddefinedoverthecompletecom-
putationaldomain. Although at ary point in spacethe materialcompositionis
uniquelydefined the multi-field approachadoptsa statisticalviewpoint whereby
the material(eitherfluid or solid) resideswith somefinite probability To deter
mine the probability of finding a particularmaterialat a specifiedpointin space,
togetherwith its currentstate(i.e., mass,momentum.enegy), multi-field equa-
tionsareused.This paperdescribesn algorithmthat usesa commonframevork
to treatthecoupledrespons®f acollectionof arbitrarymaterialsThisfollowsthe
ideaspreviously presentedby Kashiwa andcoworkers.[8 9]

The remainderof this paperis organizedasfollows: In Sec.2, the FSI algo-
rithm thatis studiedhereis presentedThis includesa descriptionof the multi-
field equationghat form the foundationof the approachA uniqueaspecbf the
approachs the ability to describeary of the chosenmaterialsin eitheran Eule-
rianor Lagrangiarframe.For solid phasematerialswe useanupdated_agrangian
approactknown astheMaterialPointMethod(MPM). Thisis discusseih Sec.2.3.
The multi-field equationgrepresentindpoth fluid andsolid fields) are developed
andwill beimplementediusinga cell-centerediEulerianfinite volumetechnique.
Thesolidfield variablesdescribedn theLagrangiarMPM techniquealsoarerep-
resentedn the Eulerianmulti-field equationsThis multi-referencdramedescrip-
tionis auniquefeatureandkey to usingthemulti-field approactior largedeforma-
tion FSI problemsHow this integrationis accomplisheds describedn Sec.2.4.
A samplevalidationcalculationis shovn in Sec.3. Furthervalidationanddemon-
strationcalculationsareshown in Part 2 of this paper{10].



2 FSI CoupledAlgorithm Description

The FSI methoddescribechereinvolvesintegratinga Lagrangiarparticlemethod
(seeSec.2.3)into ageneramulti-materialEulerianformulation.A descriptionof
thevariouselementghatmale up this approactollows.

2.1 The Multi-Field (Material) Equations

The objective of our FSI efforts is to develop a generalcomputationabpproach
thatcantreatinteractionamongmultiple materialghathave widely varyingther
modynamicandmechanicatesponseA logical startingpoint is thenthe general
continuumequationgor a mixture of materials For this application,t is assumed
that at ary pointin spacea materialcan be uniquely defined.For the purpose
of developingthe multi-field equationshowever, the derivationinvokesa proba-
bilistic approachin which a particularmaterialin a multi-materialfield existsin
ary finite region with a determinedprobability. In this descriptionmaterialinter-
facesarenotexplicitly definedalthoughthecompleteapproactproposederecan
accountfor materialinterfaceswhenpropertreatmenbf the physicsnecessitates
thisresolution.Thegeneramulti-materialequationsare[11]:
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Equationsl - 3 representhe conserationequationof massmomentumand
enepgy for materiakr, wherer = 1,2, ..., N andN is thetotalnumberof materials
presentp”, u”, e”, 8" ando” representher-materialdensity(r-materialmassper
unit volume),velocity, internalenegy, volumefractionandstressyrespectiely. o
(withoutthematerialspecificsuperscript)s themearntotal stressoverall materials,
T is the meandeviatoric stress.In the currentwork, o is assumedo be equal
to the pressurefi.e. & = pl), in which case,r vanishesAs written, Eq. 2 is
missingary representatiomf the r-materialmomentumflux, otherwiseknown
asthe multi-materialReynoldsStress Similarly, Eq. 3 containsno representation
of ther-materialfluctuationalenegy flux. Neitherof theseterms,which mustbe



modeledwasconsideredn the currentwork, andsothey arenotincludedin the
above equations.

In Eqg. 2 theterm E]svzl fsr represent@a modelfor the momentumexchange
amongmaterials Thistermresultsfrom thedeviation of ther-materialstresfrom
the meanstressg;; %aT. This is typically modeledasa function of therelative
velocity betweenmaterialsat a point (e.g. for a two materialproblemthis term
mightlook like fi» = K1260'6%(u? — u!) whereK» determinesherateat which
momentumis transferrecbetweemmaterials) Likewise,in Eqg. 3, Zivzl hsr rep-
resentsan exchangeof internal enegy amongmaterialsand for a two material
problemtypically takesthe form hiy = H26'6%(T? — T*) whereT™ is the r-
materialtemperatur@nd Hy,. is somavhatanalogougo a corvective heattransfer
coeficient.

ThetermsS7 <™, S77™ andS7™ in Egs. 1 - 3, respectiely, representontri-
butionsto thoseequationglueto phasecornversion.Discussiorof phasechangés
containedn Part2 of thiswork, Harmanetal. [10]

Givenappropriateconstitutve modelsandequationf state alongwith proper
modelsfor the momentumandenegy exchangethe above equationsan,in the-
ory, besolvedfor theevolution of thestateof the N materials Thesesquationspr
similarvariantshave appearednuchearlier(the1960%)in variousmulti-phaseand
mixture-theoryrelations.Their generahumericalsolutionfor anarbitrarymixture
of materialshasmetwith lesssuccessOne difficulty for fluid-structureinterac-
tion simulationsusingpurely Eulerianfinite volumetechniqués theunacceptable
diffusion of solid boundariesThis can be alleviated with careful surfacetrack-
ing approachesrhis paperdescribes differentapproachThis involvesinvoking
eitheran Eulerianor Lagrangianframeto describeindividual materials.Specif-
ically, the framesof referencecanbe mixed in anintegratedsolutionapproach.
(SeeSec.2.4.)

2.2 Multi-field CFD Approach

The multi-field CFD formulationusedhereis a cell-centeredmultimaterialver-
sion of the ICE (for Implicit, Continuous-fluid Eulerian)method[12] developed
by Kashiwa andothersat Los AlamosNationalLabs[13. The useof a cell cen-
teredapproachs corvenientfor multi-materialsimulationsn thata singlecontrol
volumeis usedfor all materials.This is particularlyimportantin regionswhere
a materialvolume goesto zero.By usingthe samecontrol volumefor massand
momentumit canbe assuredhat asthe materialvolume goesto zero,the mass
andmomentunygo to zeroatthe samepoint. Thetechniques fully compressible,
allowing wide generalityin thetypesof problemghatcanbeefficiently computed.
Our implementatiorof the ICE techniqueinvokes operatorsplitting in which
thesolutionconsistof a separaté agrangiarphasewvherethe physicsof the con-
senation laws is computed(e.g., right handside of Egs. 2-3), and an Eulerian
phasewherethe materialstatein eachcell is updatedwith contributionsfluxed
into andout of surroundingcells. Thegenerakolutionapproachs well developed
anddescribedn [13]. Whereappropriatedetailsspecificto the solution of FSI



problemsareexpoundediponin Sec.2.4.

A physicalandnumericakequiremenbf this multi-materialapproachs thatthe
totalvolumefractionof materialmustsumto onein eachcell. Thiscanbeenforced
by equatingthe meanstressg, with anequilibrium pressurep,,, definedasthe
commonmaterialisotropicstressat a point suchthat the volumefractionsof the
materialssumto 1. Thiscommonequilibriumpressureanbedeterminedhrough
amulti-materialequatiorof state Specifically thevolumefraction,8” = p"v" (p).
v" is thespecificvolumeof materialr andis afunctionof pressureThereforethe
pressureanbedeterminedn aniterative processuchthat:
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Equation4 can be considereda multi-materialequationof statethat ensures
thevolumefractionof materialsalwaysaddsup to 1. This approachis unambigu-
ouswhenall materialsarefluids or in casesf a multi-phaseflow consistingof
dispersedatrticlesin a carrierfluid. However, when consideringfluid-structure
problems,the interpretationof a commonequilibrium pressurecan be trouble-
some.The caseof a solid in tensionin a gas(which canonly be in compres-
sion)is a clearcase For solid materialsthe equationof stateis just the bulk part
of the constitutive responseThe problemencountereavith this approactis that
whenthehydrostaticstressn thesolid givesa negative pressurekg. 4 is notsolv-
able.To overcomethis obstaclethe solid materialequationof stateis alteredsuch
that,below a particularthresholdpressurdtypically oneatmospherethepressure
obeysapolynomialchoserto be continuousandsmoothatthethresholdvalueand
alsoapproachegeroasthe specificvolumebecomedarge. While this may seem
like arecklessalterationof the materialbehaior to achieve thedesiredresult,it’s
logicaljustificationis fairly straightforvard.

First, in regionswherea mixture of solid andfluid coexist, the high compress-
ibility of the fluid causest’'s behaior to dominatethe solutionof Eq. 4, andthus
theregimeof negative pressurés never encountered-urthermoregxaminationof
Eq. 2 revealsthatthis issueis of no importancen regionscontainingeitherpure
fluid or puresolid since,in thoseregions,thetwo termscontainingthemeanstress
cancelleaving only thecontributionfrom ther-materialstressAn exampleof just
suchasituation,with afluid in compressiomnda solidin tensionis demonstrated
in Sec.3.

2.3 The Material Point Method

A novel featureof the completemulti-materialalgorithm developedhereis the
ability to describesolid phaseand fluid phasematerialsin different reference
framegEulerianor Lagrangian)while maintainingatight couplingthroughagen-
eralmulti-field formulation. The achievementof this tight couplingthrougha uni-
fied multi-materialframework is describedn Sec.2.4.Here,we first describethe
materialrepresentatiom the Lagrangiammaterialpoint frame.In the Lagrangian



framethe statevariablesof the materialare describedon “material points’ The

numericaltechniqueusedis the Material Point Method (MPM). Specifically the
MaterialPointMethod,describedy Sulsky, etal.[14, 15] is aparticlemethodfor

structuralmechanicsimulations.The methodgenerallyusesa regular structured
grid asa computationascratchpador computingspatialgradientsThis samegrid

alsofunctionsasanupdated_agrangiargrid thatmoveswith the particlesduring

adwectionandthuseliminateghediffusionproblemsassociateavith adwectionon

anEuleriangrid. At theendof atimestepthegrid is resetto the original regularly

orderedposition.

In explicit MPM, the equation®f motionarecastin theform [15]:

M, -a, = Fext, — Fint,, (5)

whereM, is the massmatrix, a, is the acceleratiorvector Fext, is the external
forcevector(sumof thebodyforcesandtractions) andFint,, is theinternalforce
vectorresultingfrom the divergenceof the materialstresses.

The solutionprocedurébegins by interpolatingthe particlestateto the grid, to
form M, Fext,, andto determinea velocity onthegrid v,. In practice,alumped
masgnatrixis usuallyused.Thesequantitiesarecalculatedy thefollowing equa-
tions:
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»
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where: refersto individual nodesof the grid. m,, is the particlemass,v,, is the
particle velocity, and Fext, is the externalforce on the particle. S;;, is the ith
nodestrilinear shapefunctionevaluatedat x,,.

At this point, a velocity gradient,Vv,, is computedat the particle using the
velocitiesinterpolatedo the grid:

VW, =) GV (7)

P

whereG;, is thegradientof theith nodesshapegunction,evaluatedat x,,.

Thisis usedasinputto a constitutve modelwhichis evaluatedon a perparticle
basis,the resultof which is the Cauchystressat eachparticle,o;,. With this, the
internalforce dueto the divergenceof the stresds calculatedvia:

Fint; = Z Gip0Opup, (8)

P

wherew, is theparticlevolume.



Equationb canthenbesolvedfor a,. An explicit backwardEulermethods used
for thetime integration.The particlepositionandvelocityis explicitly updatedy:

Vp(t+dt) =vp(t) + Y Sipaydt 9)

Xp(t+ dt) = %, (t) + > _ Sipvidt (10)

This completesonetimestep.In additionto the basicalgorithm outlined above,
the MPM malkescornvenientthe modelingof severalimportantprocessesAmong
theseis contactbetweensolid bodies,which hastraditionally beendifficult. The
difficulties stemfrom boththe properspecificatiorof the physicsandthe numer

ical solution constraintinequalities.In MPM, mary of the computationaldiffi-

culties are removed by describingcontacton the backgroundmesh.A detailed
descriptionof the contactalgorithmis beyondthe scopeof this paper but canbe
foundin [16].

2.4 Integration of the Material Point Method in an Eulerian Multi- material
Formulation

The key featureof this work is the development,demonstrationand validation
of atightly coupledsolutionapproactthat allows simulationsof arbitrarymate-
rials undegoing arbitrary physicaland chemicalprocessesi-undamentato the
proposedhpproachs therepresentationf a materialfield in eitheranEulerianor
Lagrangianreferenceframe, all while working within a generalmulti-field con-
tinuumdescription.This allows treatingspecificphasesn their traditionally pre-
ferredframeof referencel.agrangiarfor solid, Eulerianfor fluid. While reference
is madeto “coupling” anMPM codeto aCFD code it needsto berecognizedhat
this is much differ ent than the marriage of two distinct codesvia boundary
conditions.Here,we have choserto usethe MPM algorithm,which usesarticles
alongwith an updatedLagrangiandescriptionof the solid materialon the grid,
to time advancethosematerialswhich arebestdescribedn thatreferencdrame.
However, by choosinghebackgroundneshusedto updatethe MPM materialsto
beoneandthesameasthemeshusedn themulti-materialEuleriandescriptionall
interactionsamongmaterialscanbe enforcedo occurin thecommonframework.

Specifically all materials,solid or fluid, will have a presencen the Eulerian
descriptionThiscommorreferencdrameis usedfor all physicghatinvolvemass,
momentum,or enegy exchangeamongmaterials.This allows for a tight cou-
pling betweenrthefluid andsolid phasesThe coupling occursthroughtermsin
the consewation equations,rather than explicitly thr oughspecifiedboundary
conditions at interfaces betweenmaterials. Sincea commonmulti-field Eule-
rian frameis usedfor interactionsamongmaterials typical problemswith corver-
genceandstability of solutionsfor sepaatedomainscommunicatingnly through
boundaryconditionsare alleviated.All solid phasenaterialgshushave adualrep-
resentation in boththe LagrangianMPM) andEulerianframeawvork.



It is primarily in adwection,aswell asin the computationof internalforces,
thatthe useof the separateeferencdramesbecomesmportant.Eulerianadvec-
tion is typically subjectto significantdiffusion. Thereforeif the Eulerianframe
is usedexclusively for both solid and fluid materials,the interface betweenthe
materialswill becomesmearedndnonphysicabehaior mayresult. Theuseof a
particledescriptionfor the solid adwectionminimizesthis problem.Furthermore,
while straininghistory doesnot typically play arole in the stresdfield in a fluid,
it is importantin mary engineeringsolid materialsto describgphenomenosuch
asplasticity The particledescriptionof the solid providesa convenientframeto
evaluatethe solid materialstressandto storeandcarry forwardin time therele-
vanthistoryvariablesThis role of the particleis similar to therole that Gaussian
integrationpointsplay in finite elementmethodformulations.On the otherhand,
if a particledescriptionis usedfor fluid phasesthe randombehaior of general
fluid motionwill generallyresultin very randomparticledistributions.This limits
the utility of theMPM for fluid calculationsHowever, the integrationof thetwo,
wherepartof thecalculationtakesplacein acommorreferencdrame,allowseach
materialphaseo enjoy it's optimumdescriptionrandachiezesatight coupling.

Whatfollowsis the explicit algorithmfor advancinga fluid-solid problem.

1. Inter polateParticle stateto grid Interpolatethe particledescriptiorof the
solid to the grid, sothatall materialsare describedn a commonframe of
referenceThis startswith aninterpolationof particledatato grid verticespr
nodesasdescribedn Eq. 6, andis followed by a subsequerinterpolation
from the nodesto thecell centersSinceour work usesa uniform structured
grid, eachnodehasequalweightin it's contrikution to the cell centered
value.Theexceptionto thisis nearcomputationaboundarieskor instance,
if symmetricdooundaryconditionsareused theweightof thosenodesonthe
boundarymustbe doubledin orderto achieve thedesiredeffect.

2. Computethe equilibrium pressue While Eq.4 andthe surroundinglis-
cussiondescribeshebasicprocessafew specificsvarrantfurtherexplana-
tion. In particular the mannerin which eachmaterials volumefractionis
computeds crucial. Typically, in multi-field CFD calculationsthis would
simplybethematerialvolumedividedby thecell volume.However, because
the solid andfluid materialsareadwectedin differentmannerqseebelow)
thetotal volumeof materialin a cell is not necessarilyequalto the volume
of acomputationatell. Becausef this, it is importantto have anaccurate
accountingof the volumeof materialin eachcell. This is doneby solving
the evolution equatiorfor eachmaterials specificvolumegivenin stepll.

With the materials’massesnd specificvolumesin hand,materialvolume
canbecomputecandsummedo find thetotal materialvolume.Thevolume
fractiond™ is thencomputedasthe volumeof r-materialpertotal material
volume.With this, thesolutionof Eq. 4 canbecarriedout ateachcell using
aNewton-Raphsorechnique[1}, whichresultsin new valuesfor the equi-
librium pressurep,,, volumefraction,§” andspecificvolume,v”.



3. Computefacecenteredvelocities,u*f, for the Eulerian advection This
includesadjustingthe face centeredvelocitiesto accountfor momentum
exchangebetweerall N-materials Specificdetailsassociateavith this step
aregivenin [13] and[11].

4. Multiphase chemistry Computesourcef massmomentumandenegy
asaresultof phasechangingchemicalreactions,S; <™, S75*", and S75".
Detailsof this aredescribedn [10].

5. Compute an estimate of the time advancedpressue, P Basedon the
facecenteredluxing velocitiesandthe materialpropertiesanincrementn
thepressuralueto the motionof materialis computedvia:

N
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wherex" is ther-materialbulk compressibility

Again, specificdetailsof this calculationcanbe foundin [13]. Additional
contributionsto the pressureéncrementesultingfrom phasecornversionare
describedn [10].

6. FaceCenteredPressue P*’ Thecalculationof P* is discussedtlength
in [11]. For thiswork, it is computedusingthe updatedoressuréy:
of
P = (G + 105 + 57)

This will be usedsubsequentlyor the computationof the pressuregradi-
ent,VP*f .

7. Material StressesFor thesolid, we calculatethe velocity gradientat each
particlebasedon the grid velocity (Eq. 7) for usein a constitutve modelto
computeparticlestressFluid stressesrecomputedon cell facesbasedon
cell centeredrelocities.

8. Accumulate sourcesof mass,momentum and energy at cell centers
Thesetermsareof theform:
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10.

11.

12.

wheref! is ameasuref the relative compressibilityof the r-materialin a
cell. Specifically ! = <5+

Zs=1 s ks '

. Compute Lagrangian phasequantities at cell centers

()" = (m)”" + Agm)"
(mu)™ = (mu)"™ + A(mu)”
= (me)™" + A(me)"

Momentum and heat exchange The last stepin the Lagrangiarphaseis
theexchangeof momentumandheatbetweermmaterials.

L L

N
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Theseequationsaresolvedin a pointwiseimplicit mannerthatallows arbi-
trarily large momentuntransferto take placebetweemmaterials Typically,
in FSI solutions,very large (10'%) valuesof K are used,which resultsin
driving contactingnaterialdo thesamevelocity. Intermateriaheatexchange
typically modeledatalowerrate.

Specificvolume evolution In orderto accuratelycomputethe equilibrium
pressureit is importantto keepan accurateaccountingof the specificvol-
ume.Here,we computethe evolutionin specificvolumedueto thechanges
in temperaturexind pressuraduring the foregoing Lagrangianphaseof the
calculation accordingo:

*
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wherea is theconstanpressureéhermalexpansvity andT” = %@T" isthe
rateof changenf eachmaterialstemperatureluringtheLagrangiarphaseof
the computationTheforegoing equationslo not accountfor phasechange

effects.Thesewill bedescribedn [10].

Advect Fluids For thefluid phaseusea suitableadwectionschemesuch
asthatdescribedn [18], to movefluid materialbetweercells.Thisincludes
thetransportof massmomentumjnternalenegy andspecificvolume.As

this lastitem is anintensive quantity it is corvertedto materialvolumefor

adwection,andthenreconstitutedas specificvolume for usein the subse-
guentsteps equilibriumpressuresalculation.



13. AdvectSolids Forthesolidphaseinterpolatehetime advancedyrid veloc-
ity andthe correspondingelocity incrementbackto the particles,anduse
theseto advancethe particle’s positionandvelocity, respectiely. This con-
stitutesadwectionof the solid phasematerial.

This completeonetimestepln theprecedingthe userhasa numberof options
in the implementationln ours,we first startedwith a working MPM codeanda
separatavorking multimaterial CFD code.It wasour desirethatin the coupling
of the two algorithms,eachof the original codesbe ableto standon their own.
Thus, for instance,in step8 above, for the solid materialwe've chosennot to
aggrejateall of the momentumsourcesat the cell centers Rather the pressure
gradientandmeanpressurarecomputecdatthecell centersandinterpolatechack
tothenodeswheretheintegrationof theMPM equationsiormallytake place.The
time advancedsolid materialmomentumis thenaggreyatedat the cell centerdor
momentumexchangeandthe resultingchangen momentunis propagatedback
to thenodesandeventuallythecell centers.

Again, we emphasizehat the couplingof the MPM to the CFD simulationis
readily achieved becauseof our useof a regular meshfor the gradientcalcula-
tionsin MPM. Thegrid thussenesasboth an Eulerianreferencéramefor CFD
calculationsandanupdated_agrangianreferencédramefor MPM calculations.

3 Validation: StressDistrib ution in a PressurizedCylinder

To demonstrate¢he ability of the approacho accuratelyrepresenthe interaction
betweerfluid andsolids,a cylinder of finite thicknesds pressurizedhternallyand
the subsequenstressdistribution in the cylinder is presentedThe configuration
is shavn in Fig. 1. A uniform meshis usedandthe solid cylinder is represented
by materialpoints as shovn. The cylinder is madeof steelwith bulk and shear
modulusof 117.0G Pa and43.8G Pa respectiely. Densityis 8900kg/m?. Inner
radius,r;, is .5 m andouterradius,r,, is 1.0 m. Although codecapabilitiesare
fully threedimensionalthis exampleis two dimensionalwith planestrainbeing
theout of planecondition.As shavn in Fig. 1 a one-quartesymmetricsectionof
thecylinderwassimulated Thefluid is definedeverywhereonthe mesh although
the volumefraction of thefluid is setto zeroin the region occupiedby the solid.
Pressurizatiorof the cylinder is achieved by addinginternalenegy to the fluid
inside the cylinder over the courseof 500 timestepsThe final pressureof 19.4
M Pa thenremainsconstantand viscousdampingis usedin the solid phaseto
achieve aquasi-staticsolution.

The exactsolutionsfor theradialandcircumferentiaktressesregivenby [19]
(whereP is thepressurensidethe container):

Pr? r2 Pr? r2
=T (j_Te =N (14%) @2
or (r?—r?)( = =w-mp\'tr) 02

The predictedstresddistributions,computedusinga grid spacingof .025m in
eachdirection,are comparedo the exact solutionin Fig. 2a. The agreements



seento bevery good.lt is particularlynotenorthy thatin the solution,thereis no
explicit representationf a surfaceor explicit descriptionof surfacetractionson
the materialpoints describingthe cylinder. Couplingoccurscompletelythrough
termsin themomentumequation(Eq. 2).

Air P=101.3 kP

Solid

Figurel: Initial configurationfor pressurizatiorof an annulus.The cylinder is
describedy materialpointson the Eulerianmeshof the multi-material
solution.
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Figure2: Resultsfrom pressurizatiomf anannulus(a) radialandcircumferential
stressesgcomparedo the theoreticalsolutions,of the row of particles
nearesthex-axis,and(b) naturallog of solutionerror, averagecverall
particles,vs. naturallog of grid spacing.The slopeof theline fit to the
four datapointsindicatesanorderof accurag of .89.



This simulationwas carriedout at several grid resolutionsin orderto charac-
terizethe orderof accurag of this algorithm.The error for eachresolutionwas
computeddy:

1 or+0og — %P

T T = — —_— (13)
N ; 2p

Resultsfrom thatareshavn in Fig. 2b. Whenplottedin thislog-linearmanneythe

slopeof the straightline thatbestapproximateshesepointsindicatesthe orderof

accurag. Here,aslopeof .89is found.
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